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Abstract 

Practical aspects of motion generation and control 
f o r  parking a nonholonomic autonomous vehicle are 
considered. A n  iterative algorithm for  the parallel 
parking maneuver is proposed. It is based on ultra- 
sonic range data processing. To co:ntrol the steering 
angle and longitudinal velocity of the vehicle during 
the parking maneuver, sinusoidal reference functions 
are used. To prevent collisions, the maneuver is car- 
I-rccl out as a reactive motion. The developzd control 
is experzmentally verified for  a LIGIER ekctric au- 
Lonomous vehicle. 

1 Introduction 

This paper studies the autonomous parking of car- 
like (nonholonomic) vehicles. The objective of this 
task is to extend the autonomous abilities of elec- 
tric vehicles being developed within the framework of 
the French PRAXITELE project. Motion generation 
and control for parking deals with cornputing reference 
functions for the steering and velocit,y servosystems of 
the vehicle. Traditionally, this is carried o.ut on the 
basis of a reference path provided by a path planner 
that takes into account the environmental model as 
well as the vehicle’s dynamics and constraints [l, 21. 
The path planning must provide a feasible reference 
path. Kanayama et al. [3, 41 developed smooth lo- 
cal path planning based on clothoids and cubic spi- 
rals. Van Brussel et al. [5] proposed combining motion 
primitives - lines, circles and clothoids to generake fea- 
sible trajectories. Den Boer et al. [6] considered paths 
specified as series of clothoid cnrves and a “clothoid- 
trajectory” controller to  steer a car along such paths. 
Walsh et al. [7] worked on open-loop path planning for 
robots with nonholonomic constrainls. 

If the reference path differs from .a feasible one be- 
cause of unmodelled dynamics or inaccuracies within 
the models, the vehicle is unable to follow it accu- 
ra.tely. Bestaoui [8] studied cooperation between the 

Figure I.: a LIGIIER electric autonomous vehicle 

generation of trajectories and their subsequent real- 
ization by the servosystems. In the case of nonholo- 
nomic vehicles, obtaining feasible paths and their fur- 
ther transformation into reference functions for the 
servosystems is computationally time consuming [9]. 
Taking int80 account the reactive motion abilities of 
autonomous vehicle:s, the reference path is computed 
as a sequence of subgoals corresponding to a coarse 
path. Most attention is paid to generating the feasi- 
ble reference functions for the vehicle’s servosystems 
and providling collision-free motion to a goal. This is- 
sue is considered within the developed1 motion genera- 
tion and control algoritm for parking an autonomous 
vehicle. The developed algorithm is based on ultra- 
sonic range data  processing and sinusoidal reference 
functions [lo] for steering and velocity control. 

2 Problem Specification 

In this paper a Four-wheeled electric vehicle with 
front driven and st5ering wheels is considered. The 
vehicle is shown in Fig. I .  The vehicle is equiped 
with a sensor system providing range measurements 
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between the vehicle and the environmental objects. 
Let the vehicle’s location, i.e. position and orienta- 
tion, relative to some reference coordinate system be 
denoted as (x, y, e ) ,  where 2 and y are  coordinates 
of the midpoint of the vehicle’s rear wheel axle and 
0 is the orientation angle of the vehicle’s frame. The 
motion of the vehicle is described by equations 

j. = v C O S 4  C O S Q ,  

y = v cos 4 sin 8, 
B = sin 4, 

(1) 

where 4 is the steering angle, v is the longitudinal ve- 
locity of the midpoint of the front wheel axle and L is 
the wheel base [ I ,  91. The vehicle is controlled by the 
steering angle and the longitudinal velocit~y, i.e. there 
are two controls (4, w), but it has three degrees of free- 
dom (., y, 8) in the plane. Equations (1) correspond 
to a system with nonholonomic constraints and are 
non-integrable because they involve the derivatives of 
the vehicle’s coordinates [9]. 

There may be various parking situations and park- 
ing maneuvers. Typically, the parking spacing is 
structured into bays of a quadrangular form. The 
parking structures for vehicles may be classified as 
“lane”, “diagonal” and “row”, as shown in Fig. 2. In 
the case of the lane structure the parking bays are 
oriented parallel to the traffic lane. This structure is 
mainly used for parking along the streets. The diag- 
onal and row structures are typical for car parks or 
squares. In t2his paper the lane structure for parking 
is considered. The parking task is divided into the fol- 
lowing subtasks to be solved sequentially: (1) - local- 
ization of the parking bay, (2) ~ adjusting the vehicle 
relative to the bay to a start location, (3) - parking 
maneuver. 

During localization mode the vehicle moves slowly 
along the traffic lane. The range data processing al- 
lows the building a local map of the environment at 
the sides of the vehicle. Free spacing is detected and 
borders of the free bay are localized. The orientation 
of the bay is calculated and dimensions of the bay are 
compared with those of the vehicle. The decision on 
suitability of the bay for parking is made. 

It is known from experience of driving, that before 
the parking maneuver starts, the vehiclc’s position and 
orientation must be adjust>ed to the location of the 
parking bay. The vehicle must be oriented near paral- 
lel to the parking bay and its must also reach a suihble 
st,art position. Further motion is carried out as a par- 
allel parking maneuver. This is a maneuver consisting 
of N iteratively repeated low-speed motions (forwards- 
backwards) with the coordinated lateral and longitudi- 
nal control aimed at obtaining the lateral displacement. 
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b 
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C 

Figure 2: Parking structures: a - lane, b - diagonal, 
c - row 

of the vehicle. The word “parallel” indicates that the 
start and end orientations of the vehicle are the same 
as for each iteration i = 1, .  . . , N both for the whole 
maneuver. The vehicle’s orientation varies during the 
iterative motion. The number N of such motions de- 
pends on the longitudinal spacing available within the 
parking bay and the necessary parking “depth” which 
depends on the width of the vehicle. 

The motion control for parking is within the general 
problem of steering a nonholonomic vehicle to  a speci- 
fied location [11, 121. Since the vehicle is equiped with 
a range measurement system and location of the vehi- 
cle relative to environmental objects is available, this 
general problem may be simplified in the case of the 
parking task. Instead of computing a feasible (z, y)- 
path leading the vehicle to the specified location, the 
feasible controls (4 ’ w) approximately corresponding 
to a such path are iteratively generated and applied. 
Between iterative motions,  t he  range da ta  processing 
provides data for decision making whether the nec- 
essary location with respect to environmental objects 
is reached and the parking maneuver is completed. 
This avoids problems associated with planning a fea- 
sible (x. y)-path and its subsequent following by the 
vehicle. In order to ensure collision-free motion, the 
motion control for parking is considered within the 
reactive control scheme [13, 141. 
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3 Parallel Parking Maneuver 

Motion control is supported by gatthering iznd pro- 
cessing range data  about objects around the vehicle. 
‘The range measurements are used for localization of 
the parking bay, computation of the start location for 
the parallel parking maneuver, evalua!;ion of the avail- 
able longitudinal and lateral displacements for the ve- 
hicle within the bay, in order to support the collision- 
free motion and decision making if the park:ing ma- 
neuver’ is completed. To provide the range measure- 
ments, an ultrasonic sensor system is used. The posi- 
tions of the ultrasonic sensors on the vehicle’s frame 
are schematically shown in Fig. 3.  However, the al- 
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Figure 3 :  Start  location for the parking maneuver 

gorithm can easily be extended for the case of more 
complex sensor systems, e.g. a vision systt-.m. Be- 
cause of the known limitations of the ultrasonic lrange 
sensors [13, 151, in order to reduce erroneous measure- 
ments, the parking bays may be equiped with a low 
barrier along the external border of the parking lane 
so that the “depth” of the parking ba,y relative to the 
vehicle’s frame can be reliably computed. 

Let T,,, denote the maximal distance being of rel- 
evance so that a measurement rj of a sensor “ j ”  is 
limited by T,,,: rj 5 r,,,. Let r,in be the minimal 
safety distance. Then, weights of the range measure- 
ments are 

The weights provide the normalized distances to ob- 
jects around the vehicle. The minimal weight JS de- 
fined to be k ,  = minJ {wJ } and serves as a multiply- 
ing factor when computing the reference velxity,  so 
that the vehicle slows down in the proximity of envi- 
ronment a1 objects 

During localization, the gat hered range data  are 
processed and a local map of the mvironrnent for 

one or both. sides of the vehicle is constructed. The 
det,ected free space is approximated by a rectangle 
(Dl ,  Q,,) oriented alc’ng the border of the parking bay. 
The parking is possible, if tmhe dimensims of the bay 
are large enough in comparison to those of the vehi- 
cle. The vehicle adjusts its orientation so as to be 
parallel to {,he border of the parking bay. Then, for 
the obtained orientation B,, a start position (zs, ys) 
for the parallel parking maineiiver is reached, as it is 
shown in Fig. 3 .  The parallel parking maneuver con- 
sists of itera.tive motilms. Before each iterative motion 
starts, the available longitudinal and lateral displace- 
ments (Dl,  0,) are recomputed. 

For an i-ith iterative motion omitting the index ‘‘2’ , 
the vehicle’s start coordinates are denoted xo = z(O), 
yo = y(O), 6’0 = B(0) and the end coordinates are de- 
noted as XT = z ( T ) ,  y~ = E/(?’), & = B(T), where T 
is duration of the iterative motion. The “parallel” 
condition is defined a s  

Bo - 60 < @T < 00 -t So,  (3) 

where So > 0 is an admissible error in the orientation 
of the vehicle relative to its start orientation. In fact, 
this condition allows 11s to  consider the steering control 
for parking to be similar as that  for the lane change 
maneuver [IL6]. 

To control the vehicle during the iterative motion, 
the idea of sinusoidal functions is applied [lo]. The 
following open-loop controls are considered: 

4(t) = 4“ k+A( i ) ,  0 I t I T,  (4) 

where &,, > 0 and v,,,, :> 0 are the admissible 
magnitudes of the steering angle and longitudinal ve- 
locity respectively, k,p = fl corresponds to  the right 
($1) or left (-1) parking baty relative 110 the vehicle’s 
location, k ,  = iz1 Corresponds to the forward ($1) or 
backward (-1) motion, the functions A(t)  and B( t )  
are t,aken as 

0 5 t < t‘, 
T ( t  - t ’ )  : r .  , t’ 5 t 5 T - t‘, (6) 

T- t ’  < t 5 T ,  

B( t )  = 0.5 (1 -- 

where t’ = v, T’ < T .  The (x, y)-path, corre- 
sponding to the controls (4) and (5), is shown in Fig. 4, 
where for simplicity the iterative motion starts from 
the origin of the reference coordinate system and nor- 
malized coordinates are used. 
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Figure 4: Iterative motion in the (z, y)-coordinates 

For each pair of successive motions (i. i + I) the co- 
efficient I C ,  has to satisfy the equation IC, a + l  = - I C t , , a  
that alternates between forward and backward direc- 
tions and vice versa. Between successive motions. 
when the velocity is null, the steering wheels must 
turn to the opposite side in order to obtain the suit- 
able steering angle &,, or -4,,, for starting the 
next iterative motion. In this way, a form of the con- 
trols (4) and (5) is defined by (6) and (7) respectively. 
In order to evaluate (4)-(7), durations T’ and T must 
be computed. 

Value of T* is low-bounded due to the kinematic 
and dynamic constraints of the steering servosystem, 
so that for the control (4) one can obtain: 

TAin = .rrmax( -, -} ,  (8) !I:::: \I!::::: 
where &,, and q4max are the maximal admissible 
steering rate and acceleration respectively for the 
steering servosystem. The value of TAin gives the 
duration of the full turn of the steering wheels from 

to  q5m,, or vice versa, i.e. one can choose 
T’ = TAin. 

Value of T is low-bounded due to the constraints 
on the velocity vmax and acceleration V,,, and due 
to the condition T* < T ,  so that for the control (5) 

U m a x  

where the empirically obtained function 
v ’ ( 0 ~ )  5 vmaz serves to provide the smooth motion 
of the vehicle. 

Computation of T is an iterative procedure based 
on evaluating the vehicle’s model (1) with t,he controls 
(4) and (5). This computation is aimed at obtaining 
the maximal value of T such that the following “lon- 
gitudinal” and “lateral” conditions are still satisfied: 

I (“T - 20)  cos Os + (YT -yo) sin 8, I < Di, 

I (20  - Z T )  sin 8,  + ( y ~  - yo)  cos 8,  1 < D, 

(10) 

(11) 

The initial estimation is To = T,,,. The maximal 
value of T is found based on the “longitudinal” condi- 

t.ion (10).  If condition (10) is satisfied for an estima- 
tion Tj, j = 0 , 1 , .  . ., in order to obtain the maximal 
value of T, the following expression is iteratively used: 

T , + 1  = T j + A T ,  j = O , l ,  . . . ,  (12) 
where AT > 0. If condition (10) is violated for an es- 
timation T’’+I, value of Tj is taken as a duration T of 
the iterative motion. There may be a situation when 
for the obtained estimation condition (11) is vio- 
lated. In this case, in order the “lateral” condition is 
also satisfied for the estimated value of T ,  the magni- 
tude of the steering angle &,, is iteratively reduced: 

@ m a x , k + l  = d m a z , k  - A4, 0 , 1 , .  . ‘ 7  (13) 
where &,,,0 = 4,,, and A+ > 0. The lowest value 
of the magnitude of the steering angle is given as a 
constant dmin > 0. The simulation of the iterative 
motion is repeated for the computed Tj and the new 
value of the magnitude $ m a z , k + l :  if condition (11) is 
satisfied, the computational procedure for the iterative 
motion is finished. The obtained estimations of T and 
dmaz  are used to evaluate the controls (4) and (5). 

One should note, that during the computation of T 
and $,,, for the motion from the start location, the 
motion of the corners of the vehicle’s frame is evalu- 
ated within the constructed local map of the environ- 
ment. If the simulation shows a possibility of colli- 
sions, the start location of the vehicle is changed. The 
vehicle moves to a new start location situated farther 
from the border of the parking lane and nearer to the 
middle of the parking bay. Then, the computational 
procedure is repeated. 

At each iteratlion i the parallel parking algorithm is 
summarized as follows: 

1. Obtain available longitudinal and lateral displace- 
ments (Dl ,  Ow) by processing the range data. 

2. Search for values T and by evaluating (1) 
with controls (4), (5), conditions ( lo) ,  (11) and 
using ( l a ) ,  (13). 

3. Steer the vehicle by controls (4) and (5) while 
processing the range data for collision avoidance. 

4. Obtain the vehicle’s location relative to  environ- 
mental objects at  the parking bay. If the “parked” 
location is reached, stop; else, go to step 1. 

The convergence of the developed algorithm is pro- 
vided for the computational steps A T  < Tmin and 
A4 < dmin .  In fact, values Tmin and q 5 m j n  define the 
lower bounds (02 , D t )  for the longitudinal and lateral 
motions of the vehicle during one iteration. The park- 
ing maneuver is possible, if the available longitudinal 
and lateral spacing (01, Ow) exceeds these bounds. 
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4 Experimental Results 

A LJGIER electric autonomous vehicle being 
developed within the framework of the French 
PK.AXITELE project is used for experiments. This 
is a four-wheeled vehicle with front-driven and steer- 
ing wheels. The vehicle has the following dimensions: 
length 1 = 2.5 m, wheel base L = 1.765 m and width 
w = 1.4 m. The weight of the vehicle is about 600 k g .  
The vehicle is equiped with a 12kW asynchronous mo- 
tor and can move with a maximal velocity of 70 km/h.  
?‘he steering system is equiped with a DC motor. 
Thc battery resource is about 80 kna. The vehicle 
call transport two people. In the ca.se of the park- 
ing maneuver, the longitudinal velocity is limited by 
71n?az = 0.3 m / s  , and the magnitude of the steering 
angle is 4maz = 0.4 r a d .  

The control system of the vehicle is based on a Mo- 
t,orola VMEbus system with one VME:l62-CPU board. 
The developed steering and velocity control was im- 
plemented using ORCCAD software [17] running on 
a SUN workstation. The compiled code was trans- 
mitted via Ethernet to the Motorola VME162 of the 
vehicle. The steering angle is measured by an opti- 
cal encoder. Two optical encoders at  the reaii wheels 
provide data  to compute the longitudinal velocity of 
the vehicle. A sampling period for the steering and 
velocity PID-control of 5 ms was obtained. The ul- 
t,rasonic system in the current configiiration consists 
of 14 ra.nge sensors (Polaroid 9000) delivering range 
data  with a sampling period of 60 ms.  

As it was described in Section 3 ,  the computa- 
tion of the sufficient T and $maz is carried out be- 
tween the successive iterative motions. Because of the 
discrete time evaluation, the vehicle’s model (1) was 
rewritten [l], so that for the case $(in)  = 0: 

Q ( L )  = Q ( L l ) ,  

~ ( t , )  = ~ ( b - 1 )  + ~ ( t , )  At cos Q(tn ) ,  
y ( L )  = y(&-1) + w ( L )  At sin Q ( L ) ,  

(14) 

and for the case $(in) # 0: 

~ ( t , )  = ~ ( t ~ - l )  + 
Z ( L )  = x(tn-1)+ 

y ( tn )  = y(L-1)-  

sin 4( tn) ,  

-~ ’ [sin Q(t,) -sin Q(&+.l)], (15) 
tan $i tn)  1 tan ’ $(tn) [cos Q(t,) - cos Q ( t n - l ) ] ,  

where At is a sampling period, n = 1 , 2 , .  . . When 
the values of T and &maz have been computed, the 
evaluation of (4) and (5) provides the controls ( 4 ,  U )  
for one iterative motion. 

An example of the steering control $( t )  and its re- 
alization by the servosystem is shown in Fig. 5. The 
steering control was c’3ordinated with the velocity con- 
trol v ( t )  shown in Fig. 6 where the computed actual 
velocity is also plotted. The results obtained show the 
accurate operation of the steering and velocity ser- 
vosystems of the LIGIER vehicle. 

80 90 40 50 60 70 
timo [SI 

Figure 5: Input and actual steering angles 

40 50 60 70 80 90 
time [SI 

Figure 6: Input and actual velocities 

For the steering servosystem the increased errors 
were examined when the steering wheels turn while 
the vehicle is not moving (e.g., as in Fig. 5 and Fig. 6, 
when the wheels turn from 0 to  -+maz and from 4,,, 
to 0). In this case, the steering servosystem has to 
overcome tbe increased forces against the motion of 
the steering wheels. Because of the dynamical errors 
of the servosystems and unniodelled effects (e.g., slip- 
page of the wheels or uncertain radius of the tires), 
the computation of the vehicle’s position and orienta- 
tion according to (14) and (15) leads to an accumu- 
lation of error in the estimated vehicle location. In 
order to reduce these errors, and to  obtain the vehi- 
cle’s coordinates more precisely, the vehicle’s location 
is calibrated between iterative motions by processing 
the range data.  

An example of the parallel parking maneuver is 
shown in Fig. 7 for the case when the available spac- 
ing of the parking bay is initially (4.6 m, 2.1 m) rela- 
tive to the start loca1,ion of the vehicle. As it is seen 
from Fig. 7, three iterative motions are necessary to 
complete thc parking maneuver. 
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Figure 7: Execution of the parallel parking maneuver 

5 Conclusion 

Motion generation and control for the task of park- 
ing a nonholonomic autonomous vehicle have been 
considered. An iterative algorithm for the parallel 
parking maneuver was developed. This algorithm is 
based on ultrasonic range data  processing. The sinu- 
soidal reference functions for the vehicle’s steering and 
velocity servosystems are used to  control the motion 
during the parallel parking maneuver. The developed 
control for parking was implementated on the LIGIER 
electric autonomous vehicle. The experimental results 
obtained have shown the effectiveness of the developed 
motion generation and control algorithm. Future work 
will deal with widening the range of the developed con- 
trol, its further experimental study and extension for 
various parking maneuvers. 
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